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Abstract A fully automated computer algorithm for
calculating the articular contact points between two bone
surface models is presented. The algorithm requires the
bone surface models and their relative positions as inputs in
order to resolve the articular contact path. In the case of
surface model overlap due to measurement errors or as a
solution of an optimization procedure, the result is a
volumetric estimation of the space confined between the
two surfaces. The algorithm is based on attaching a grid of
lines to one bone surface model and calculating the intersecting points of each of the lines in the grid with both
bone surface models. The contact points are then determined as the closest points between the surfaces along the
lines in the grid. The same contact points are used to
evaluate any volume that is confined between two overlapping surface models. The algorithm is ideal for use in
biomechanical studies, simulations of joint motion, and
optimizations that require an iterative process to determine
contact path and relative bone position. The algorithm is
applied to a Sawbones knee model that is moved from
flexion to extension while being tracked by an optical
tracking system. The contact path of the two bones is
generated and an example of calculating bone impingement
is provided.
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1 Introduction
The biomechanical study of joints often requires the calculating of contact points and contact paths of two bone
surfaces while being subjected to flexion. Classical examples
are knee kinematics studies. The main goal in most knee
kinematic research efforts is to create an accurate knee-specific model incorporating geometry and soft and hard tissues
properties that can predict knee motion. These mathematical
and kinematical models are based on mechanical equilibrium
of constraints on the knee [4, 9, 25]. The articular contact
points are vital to the solution for these parametric models.
This challenge has been addressed by several researchers that
estimated the articular contact points by using geometry data
of both bones [1–3, 7, 12, 15, 17, 18, 21].
Banks and Hodge [2] and Banks et al. [3] introduced a
method that resolved the relative position of two knee
implant components with respect to each other from X-ray
fluoroscopy images. For their system, the researchers displayed a 3D CAD model of an implant (from a library of
templates) as an overlay on the original X-ray images.
Then an image-matching algorithm determined the position
of the implant. Kinematic parameters such as contact
points were measured. Hoff et al. [12] introduced the same
concept; however they changed the matching algorithm
and the way the template library was presented. Once
matching was completed, contact points of the two components were determined along with the area of the contact
region and liftoff angle. Komistek et al. [17] and Incavo
et al. [15] implemented similar methods of matching 3D
models of 2D images and extracting contact points.
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DeFrate et al. [7] quantified the contact between the tibia
and the femoral cartilage during in vivo knee flexion by
using two orthogonal fluoroscopic images and 3D MRIbased computer models of the knee. Once the subject’s knee
was imaged, the fluoroscopic images were imported to a
computer where they were displayed in orthogonal planes.
Next, the contact points on the medial and lateral tibial
plateau were calculated by finding the centroid of the
intersection of the tibial and femoral cartilage layers and by
using the bony geometry alone. Scarvell et al. [21] used a
1.5 T closed field MRI unit and a fast gradient echo
sequence in order to get the tibiofemoral contact mapping.
From the set of knee images for each subject at each position (0–90 at 15 intervals) an image was chosen which
was closest to the center of the medial and lateral components. This chosen image was used to manually record the
tibiofemoral contact position. Von Eisenhart-Rothe et al.
[23] segmented cartilage structure from MR images in order
to determine the tibiofemoral contact point. In slices where
contact between the femur and tibia were detected, the two
structures were separated by a line of 1 pixel width, thus
distinguishing between the two surfaces. To calculate the
contact area, the outline of the cartilage that was segmented
was expanded by one pixel. All voxels that were segmented
in both the femur and the tibia cartilage were then counted.
These voxels represented the contact area. Chen et al. [5]
calculated the contact location between the femoral and
tibial articular surfaces that minimized the strain energy
stored in the ligaments of the knee. Their model assumed
that the mechanical properties of the ligaments are given.
These studies provide surface model contact points by
directly measuring the points on a computer image of the
surfaces. Some of the presented algorithms also require
preprocessing and segmentation of the relevant data in the
images. The fact that these processes were not fully automated, i.e., required user interface and input, makes them
inadequate for integration in biomechanical studies that
require online, iterative computations that result in the
contact points. In this study, we report on a novel, fully
automatic computer algorithm that calculates the contact
points on both condyles between the tibia and the femur as
a function of the bone location. This method requires as
input the corresponding surface models of both the tibia
and femur (e.g., list of vertices and triangles), and a set of
transformation matrices between the two surface models
for every flexion angle of interest. For each flexion angle,
the algorithm calculates either the point of contact or an
estimated volume of intersection between two bones.
Without loss of generality, the algorithm is applied to a
Sawbones knee model that is moved from flexion to
extension while being tracked by an optical tracking system. The contact path of the two bones is generated and an
example of calculating bone impingement is provided.
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2 Method
The contact points between the tibia and femur under
flexion are vital information for biomechanical studies and
simulations of knee motion, as well as for implant design
[5]. However, definition of the contact points is not always
obvious since the information usually provided is of the
surface model of the bones and their relative position
(location and orientation). Following is a new approach
that calculates contact points between two surface models
of bones given their relative configurations. Although we
demonstrate our method on the knee, it can be applied to
any two moving objects.

2.1 Calculating contact points
For this algorithm, we begin with surface models of both the
femur, MF ; and the tibia, MT ; which are given as triangulated meshes of nF and nT triangles respectively, such that:
MF ðV F ; T F Þ ¼

nF
[

T F;i

ð1Þ

i¼1

and
MT ðV T ; T T Þ

nT
[

T T;i ;

ð2Þ

i¼1

where V F and V T are the respective femur vertices and tibia
vertices, and T F and T T are the respective femur surface
triangles and tibia surface triangles. In a general simulation
we set one bone as the reference system and describe the
motion of the other bone relative to the first. Since for the
knee system it is easier to visualize the tibia as moving
relative to the femur, we set the femur as the reference
system. Next we fix a sampling grid, P G ; of m points to the
tibia and attach a set of m parallel lines, L, to the grid such
that when the tibia moves through different flexion
configurations both the sampling grid and the set of lines
attached to it transform with it (Fig. 1a–c). Line direction is
defined based on the anatomic reference frame of the
tibia(see Fig. 1d, e for the reference frames given in red,
green and blue). For every line within the set of lines we then
solve for its intersection with the tibia and femur surface
models. The points of intersection on the tibia and on the
femur formulate two sets of points P T and P F respectively.
We compute the distance along the line between the
intersecting points on the tibia and on the femur as:


dj ¼ P T;j  P F;j 
ð3Þ
j¼1;...;m

The contact points P C:T ; and P C:F are then chosen to be the
ones corresponding to the smallest distance dj. This process
is repeated for every flexion configuration.
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For example, denote the intersecting point of line Lj ;
with tibia surface model as ST,j. ST,j can be calculated
as the intersection of Lj with the plane UT,i which is
defined by the triangle T T;i inMT [20]:


ST;j ¼ ðs0 ; sÞT;j ¼ ui  lj ; u0;i lj þ ui  lj
ð6Þ
j; ¼ 1; . . .; m i ¼ 1; . . .; nF ; or nT ;

The flexion configuration is defined by the w homogeneous transformation matrices, FTT,i, representing the
position and orientation of the tibia in the femur coordinate
system for each of the w observations, where FTT,i is given
as:


R33 t31
F
TT;i ¼
i ¼ 1; . . .; w:
ð4Þ
01;3
1

where ST;j < ¼ ðs0 ; sÞ< are the homogeneous Cartesian coordinates of a point, and <UT;i ¼ <ðu0 ; uÞT;i is
the homogeneous plane coordinate vector of a plane in
the linear space <: Referring to Fig. 2, since UT,i
defines a plane, the intersection point ST,j can occur
outside of T T;i (e.g., ST,i) in which case the line Lj
does not intersect T T;i (note that not all triangles in the
surface model are being intersected by a line). It is
possible to verify that ST,j is inside T T;i by summing
the angles between the vectors from ST,j to the vertices
of triangle T T;i (the sum of the angles is 2p if ST,j is
within the triangle) or in a more computationally
efficient way by calculating the area of the triangles
transcribed by the vectors (the norm of the cross
product of two vectors is equal to twice the area of the
triangle transcribed by the vectors). This process is
performed for each line in L for both MF and MT :
The results are a set of points, ST,j and SF,j, corresponding to the intersection of line Lj with the tibia and
femur surface models, respectively.
(e) Check for minimum distance according to Eq. (3) and
set contact points to be P C:T;k ; and P C:F;k
(k = 1,…,w).
(f) In case of multiple potential contact points or
overlapping surface models due to measurement error
(this case is discussed in Sect. 2.2), the contact point
is set to be the center of gravity of the contact region.
(g) Transform the tibia surface model MT and L to the
next knee configuration such that:

R is the rotation matrix and t is the translation vector
between the two coordinate systems.
Since the proposed algorithm is based on manipulating a
set of lines and calculating intersection points of each of
the lines with a piecewise linear surface, we used Plücker
line coordinates [16] and line geometry tools [19]. Following is a proposed algorithm as performed on one of the
knee condyles:
Define surface models MF and MT for the femur and
tibia, respectively.
(b) Define a sampling grid P G of m points and attach it to
the tibia such that it is well below the tibia plateau
and normal to the z-axis of the tibia coordinate system
(Fig. 1d, e). Determine grid spacing as a function of
the typical surface model unit size (in our case a
triangle) and required output resolution.
(c) Define a set of lines L such that each line contains one
point in P G and is parallel to the z-axis of the tibia
coordinate system. The lines are represented by their
Plücker line coordinates [6, 16] such that the j-th line
in the set is given by:


Lj ¼ Z^T ; P G;j  Z^T ¼ ðl; lÞi ; j ¼ 1; . . .; m;
ð5Þ
(a)

where Z^T is a normal vector parallel to the z-axis in
the tibia coordinate system. Note that L is an m 9 6
matrix such that every row in L is a sextuple vector
where the first three components, denoted by l, are the
line’s direction vector and the other three components,
 represent the torque that the line exerts with respect
l;
to the tibia coordinate system.
(d) Calculate the intersection point of each of the lines in
L with both surface models MF and MT (Fig. 1d, e).

ð7Þ

F

where TT,i is given in Eq. (4). L can be transformed
as a set of Plücker line coordinates [6, 22]:

F

F

F

MT;iþ1 ¼ F TT;i MT;i

T
T

T

a

b

c

d

e

Fig. 1 a–c Grid of lines attached to tibia for three different values of flexion, d, e Sampling grid on the tibia surface model and the points of
intersection of the grid lines with tibia surface model, and points of intersection of the grid lines with the femur surface model
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dT;j ¼ P G;j  ST;j j¼1;...;m


dF;j ¼ P G;j  SF;j 

ð10Þ

j¼1;...;m

(c)

Fig. 2 Example of intersection point ST,j of lines Lj with triangle
‘T T;i in a tibia surface model



Liþ1

R
¼
W R


0
 LTi
R

where W is a skew symmetric matrix given by:
2
3
0 tz ty
0 tx 5;
W ¼ 4 tz
ty tx
0

ð8Þ

ð9Þ

and both R and t are given in Eq. (4). Repeat steps
(e)–(g) for each of the w positions.

2.2 Calculating overlap between two surface models
Bone surface model overlap can occur as a result of measurement error or unfeasible solution of joint configuration
based on optimization of a kinematic model of the joint
(e.g., Fig. 3). In this case, the algorithm is modified as
follows:
(a) Follow steps (a)–(d) given in Sect. 2.1.
(b) For each line Lj calculate:

For each line, Lj ; check whether dT,j [ dF,j (e.g.,
L3  L6 in Fig. 3). If this is true, then there is
penetration of the two surface models. In the case
where dT,j \ dF,j (e.g., L2 ;L78 Fig. 3), there is no
penetration of the surface models. The lines are
modeled as a cuboid with cross-sectional area a. The
volume associated with the penetration is given by the
sum of the cuboids:
m
X
Vtotal ¼
vj
ð11Þ
j¼1

where

a  ðdT;j  dF;j Þ
vj ¼
0

dT;j [ dF;j
dT;j F; j



2.3 Experimental setting––Sawbones
For the experiment we used Sawbones models of the femur
and tibia. Prior to the experiment, both bone models were
scanned by CT and surface models were generated. The two
bone models were then connected by four rubber tubes to
simulate the lateral collateral ligament, medial collateral
ligament, posterior cruciate ligament, and the anterior cruciate ligament (Fig. 4). Optical trackers were attached to
both bones models (Fig. 4), and the surface registration
procedure between tracking system and bone models was
performed [8]. Both bone models were then tracked
throughout the experiment. The femur was rigidly fixed and
used as the reference system (Fig. 4), while the tibia was
moved from flexion to full extension by quasi-statically
pulling it by a wire connected to its center of mass. The
tracking system provided the relative positions of the tibia

Fig. 3 Example of overlap between two surface models. The red line represents the tibia plateau, the black line represents the femur
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Fig. 6 Intersecting points of L with MF
Fig. 4 Observation while flexing the tibia

and femur, i.e., the transformation matrices given in Eq. (4).
Next we utilized the algorithm described in Sect. 2.1 to
solve for the contact points between the two bones. We also
simulated cases where bone overlap occurred and applied
the algorithm as described in Sect. 2.2 to resolve the overlap
volume between the two surface models.

2.4 Experimental setting––Cadaver
Following the Sawbones experiment, we ran a set of tests
on two cadaver right knees (Fig. 5). Similar to the Sawbones experiment, both bone models were scanned by CT
and surface models were generated. Optical trackers were
attached to both bones models (Fig. 5), followed by a
surface registration procedure. During experiment the tibia
was manipulated while its tracker positions were recorded
in the femur tracker reference frame.

steps (a)–(d) are shown in Fig. 6 and Fig. 1d, e. In Fig. 1d,
e one can detect the sampling grid P G and the intersection
points ST,j and SF,j of the set of lines L associated with P G
and the tibia surface model MT and femur surface model
MF :
The resulting contact points P C:T and P C:F are calculated in step (e). The resulting contact points for the entire
flexion motion are given in Fig. 7. This set of points is also
characterized as the contact path [5].
Next, we applied the algorithm given in Sect. 2.2 to
evaluate the surface model overlap. We used the bone
configuration given in Fig. 4 as an input to the algorithm.
Rather than obtaining a contact path, the algorithm, as
expected, identified a contact region on the medial condyle
(Fig. 8). When applying step (c) and Eq. (11), a 15.1 mm3
volumetric intersection between the two surface models is
obtained. For this simulation we used a grid where dx ¼
dy ¼ 1:5 mm (average area of triangles in the surface
models was 1 mm).
3.2 Cadavers

3 Results
3.1 Sawbones model
The contact points were obtained by applying the algorithm
described in Sect. 2.1. The results obtained by applying

Contact points for the cadaver experiment for different
flexion angles are given in Fig. 9. These results depend on
the cartilage; however, the proposed method can provide
initial solutions for calculating accurate contact path taking
also into account the cartilage deflection.

Fig. 5 Experimental setting; Male, 81 (left), Male, 68 (right)
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Fig. 7 Articular contact path
from Sawbones experiment on
femur and tibia

4 Discussion
This study describes a fully automated computer algorithm
for detecting contact points between surface models of the
tibia and femur while subjected to flexion/extension
motion. The general idea behind the algorithm is to attach a
predetermined grid of lines to the moving bone (tibia) and
use basic tools from computational line geometry to represent the grid lines, and calculate the line-surface
intersections.
We also described an extension to the algorithm that
results in a volumetric estimation of bone overlap in the
case of two surface models that overlap each other. This
could be a result of measurement errors or a result from an
optimization procedure that calculates relative bone positions based on biomechanical models of the knee. Overlap
may also occur when trying to predict joint motion based
on a computer model of the geometry, and hard tissue and
soft tissue mechanical properties. These models usually
solve the joint kinematics based on optimization of an
objective function. In the case where bone overlap is not
compensated for in the objective function, e.g., as a
penalty, the optimization algorithm can result in unfeasible
configurations where bones overlap.
The suggested algorithm is general and can be applied,
with minor adjustments, to any joint or two surface models
Fig. 8 Contact region in case of
surface models overlap
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that move with respect to each other providing that the
contact surfaces are sufficiently rigid. The planar grid
concept can be extended to work with a non-planar geometry, such as a grid on spherical surface where the line
direction is defined normal to the spherical surface. The user
would just have to adjust the default grid location and the
logic of what defines a valid intersection (how and where to
look for the intersection). Finally, one needs to determine
the grid spacing. Grid spacing depends upon the required
output resolution, input surface model resolution, and
computation time. Once these parameters are determined
the algorithm is fully automated and does not require an
interface or input from the user during the process.
In the case of deformable contact, this approach can be
used as a starting point. Previous studies have used different techniques to identify contact mechanics of joints,
such as using sensitive pressure films [13, 14], electronic
pressure transducers [10, 24], MRI scans [7, 11, 21, 23],
CT scans [1, 18] and biomechanical simulations [5]. The
main advantage of the proposed method is that data can be
obtained using simple optical tracking hardware and surface models of the object. Moreover, once observational
data are obtained from the tracking system and surface
models are available, the algorithm generates the results
without any further interaction or input from the user. This
makes the proposed algorithms ideal for use in
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Fig. 9 Contact points (path)
as calculate for different flexion
angles of the tibia

biomechanical studies, simulations and optimizations of
joint kinematics.
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