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Abstract
Background Bone-mounted robots for orthopaedic surgery are small, costeffective and could reduce invasiveness. Preoperative planning requires
imaging (e.g. X-ray, CT, MRI) and a registration procedure, which introduces
error. Accuracy might be improved by building an intraoperative anatomical
model in the robot’s own coordinate system, utilizing the rigid bone–robot
connection.
Methods Haptic capabilities were added to MBARS and user tests were
conducted to help design the haptic control loop. The accuracy of a 3D
physical scan was tested on a femur model.
Results Indication for force scaling and mode switching was found. Average
distance error of collected points from the surface scanned by the robot was
0.3 mm.
Conclusions It is suggested that haptic control of bone-mounted robots
should be non-linear and not necessarily transparent. Haptic surface
acquisition can be used to generate an accurate intraoperative model of
a joint surface. Copyright  2010 John Wiley & Sons, Ltd.
Keywords
medical robotics; orthopaedic surgery; haptic control; knee
arthroplasty; surface reconstruction

Introduction

Accepted: 1 August 2010

Copyright  2010 John Wiley & Sons, Ltd.

Surgical robotics is a promising avenue to improve medical treatment and
is expected to play a major role in the operating room of the future
(1). In 1992, orthopaedic surgery was one of the first medical fields to
adopt surgical robotics (2), the pioneer system being Robodoc (3). Most
orthopaedic procedures are arthritis-related, including knee and hip replacement (arthroplasty). Arthritis is a major age-related health concern, imposing
a significant economic burden on Western countries (4). Several robotic
systems have been developed to improve the accuracy of bone resurfacing and implant alignment during knee replacement (5) and to make the
procedure less invasive (6). Early medical robots resembled stand-alone
industrial robots and required a registration procedure in order to correlate information from preoperative medical imaging to the robot and
patient. Wolf et al. (7) were among the first to introduce the concept of
a bone-mounted robot for spinal operations. This study later resulted in
the FDA-approved SpineAssist robot (8). Other orthopaedic surgical systems
followed this concept, such as Praxiteles (9) and MBARS (10) (two bonemounted robots for knee joint arthroplasty). Advantages of bone-mounted
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robots include dramatically reduced size of the robotic
system and reduced cost. In addition, the base of a
bone-mounted system is attached in rigid manner to the
operation site, so errors induced by dynamic tracking
can be avoided. The bone-mounted concept could present
even more advantages. This research developed a method
allowing a bone-mounted system to explore the surgical
target without relying on pre-operative medical imaging.
MBARS was used as a study case, continuing the work
previously published here (10). A teleoperated haptic
interface was designed for intuitive manual control. The
new system enables digitizing and describing the joint
surface in the robot’s own coordinate space. The MBARS
set-up is shown in Figure 1.
Designing a surface-scanning algorithm for a general,
unknown object, ‘probing in the dark’, would probably
be time-consuming and ineffective. However, converting
to a telerobotic or semi-active system allows harnessing
human intelligence and the surgeon’s expertise to this
task. In a telerobotic system the operator can use his
experience to directly move a master mechanism, which
is followed by the slave mechanism, and focus on the
region of interest and its distinctive features. In this
study a bone-mounted robot was adjusted to work as
a telerobotic system with haptic feedback. User tests were
employed to adjust the system’s control according to
users’ feedback, under the constraints implied by the
robot being bone-attached. The final design of the control

Figure 1. MBARS mounted on femur
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loop is surprisingly different than expected from an ideal
haptic apparatus. A bone scanning example is presented
to demonstrate feasibility of intraoperative joint-surface
mapping.

Background
In a telerobotic system two mechanisms provide an
interface between the scanned object and the surgeon,
who cannot feel the object directly or, in this case,
sense the interaction between the medical instrument
and the knee joint surface. This sensory deprivation may
be compensated for by various feedback modalities [see
examples in (11–13)], including haptic feedback. ‘Haptic’
is a Greek word referring to the sense of touch; in the
present case, we want to use forces to convey geometric
constraints induced by the joint surface, as shown in
Figure 2, back to the human operator.
Haptics has been shown to contribute to the efficiency
and safety of medical robotic systems (11) and seems to
be preferred over other modalities, at least by non-expert
users (14). Advantages include shorter neural processing
time and the fact that haptics does not demand attention
from the same senses already burdened by the myriad
signals in a typical operating theatre, i.e. the profusion of
beeps and flashes emitted by other medical instruments
and monitors.
Yokokohji and Yoshikawa (15) defined widely used
indices for haptic systems which, when equal to zero,
assure that the master and slave follow the same trajectory
(Jp ) or that the master reflects interaction forces from the
slave side accurately (Jf ). Using an ideal haptic system,
the user would feel as though he/she was operating
on the target directly and the mechanisms in between
would be transparent – indeed, haptic performance is
often referred to as ‘transparency’. Hogan (16) explored
the basics for stable robotic manipulation and defined a
general approach termed ‘impedance control’ – shaping
a trade-off between position accuracy and actuation
force. Similarly, another common transparency goal is
to reflect identical impedance on the master side to
that encountered by the slave when interacting with the
environment.
The most general haptic architecture is the four-channel
architecture (17), where a double hybrid signal, including
force and motion, is sent from master to slave and
vice versa, but many haptic systems make use of fewer
channels, usually two. Stability and performance are
contradicting goals, so the additional freedom provided
by using four channels instead of two could be used
to improve this trade-off. Of course, reducing time
delays and quantization errors would improve both

Figure 2. A general haptic system
Copyright  2010 John Wiley & Sons, Ltd.
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stability and performance, often at a much higher cost.
Theoretical study of haptic systems usually assumes that
the user and environment can be considered as passive
elements with a bounded response (17) and then tries
to ensure that the master–slave dyad be perfectly stable
with maximal transparency. This somewhat conservative
approach usually recommends introducing damping as
a means to ensure stability. A specific damping ratio
might be determined based on a system’s transfer
function (18–20), wave variable analysis and passivity
considerations (21). Even varying damping can be
introduced by a passivity controller (22). In practice,
the user is far from passive and can play a vital role
in stabilizing the master side by instinctively changing
arm stiffness and damping ratio [for more on the human
arm, see (23–25)]. A clear and comprehensive analysis
of stability and performance of haptic systems is given
in (26) for various combinations of manipulators from
different types, working under four- or two-channel
architecture. Because manipulation has a dual nature,
going from free motion to constrained motion when
impacting an object, some researchers resorted to nonlinear solutions. Haptic telerobotic drilling systems often
realize non-linear control solutions; see mode switching
in (27) or adaptive gains in (28). In this research,
gain scheduling was adopted by switching between a
pair of two-channel architectures on transition from free
to constrained motion, and the other way round. The
constraints and considerations for designing a haptic
feedback loop for a bone-attached robot are explained
in Materials and methods.

Materials and Methods
The system’s main components are the master, the slave
and a six degree-of-freedom (DoF) force and torque (FT)
sensor mounted along the slave’s probe, all shown in
Figure 3. The laboratory system is not yet operation room
(OR)-compatible.

Figure 3. System main components
Copyright  2010 John Wiley & Sons, Ltd.
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All communications are handled via a PC which serves
as the controller, working with a real-time UNIX operating
system. Communication with the actuators (I2 C, six PIC
microcontrollers) imposes a 40 Hz bottleneck; all other
communications and computations run at ∼100 Hz. It
should be kept in mind that 40 Hz is still above voluntary
hand motion frequencies [<12 Hz (29)].
The two most important features that allow mounting
the slave on the anatomy are its miniature size and light
weight, e.g. MBARS weighs ∼1 kg, its base is 15 cm
in diameter and its initial height is ∼16 cm. The small
size induces constraints on the mechanical design of the
robot mechanism. More specifically, a high gear ratio in
necessary to withstand deburring forces when using small
motors. MBARS actuators are easily position controlled,
while force control is impractical, mainly due to friction.
When Hogan applied impedance control (30) he used
direct-drive actuators, but these would be too big for
a bone-mounted robot. Adding a FT sensor [ATI, Nano
17, non-sterile (31)] along the slave’s probe bypassed
the actuators and simplified obtaining contact forces. FT
readings were treated for noise by filtering and applying
an amplitude threshold. The torques were discarded as
the master can only reflect forces.
A commercially available haptic interface was chosen
to serve as the master – PHANToM , Desktop. PHANToM
is generic and widely used for haptic research and
medical simulators, including drilling simulation, as in
(32,33). The master has very low inertia and is highly
back-drivable, meaning that force applied by the human
user should immediately be manifested in the master’s
position. However, this master lacks a simple, accurate
method to assess the forces applied by the human user
(e.g. force sensor, verified dynamic model) so, as in
most medical haptic systems, the command to the slave
consisted of a position signal only.
The slave’s high gear ratio presents a tight speed
limit (∼20 mm/s in the x and y and ∼5 mm/s in the
z direction) so position signals were considered and
not velocity signals. The controller implemented modeswitching between a couple of two-channel architectures.
Adhering to the terminology presented in (26), our system
can be classified as having a two-channel, impedanceadmittance architecture, operating in a position–position
(PP) mode while in free motion, and switching to a
position–force (PF) mode under constrained motion, i.e.
the command from master to slave consists only of a
position command, while the feedback from slave to
master–user end might include position and/or force, as
shown in Figure 4, where Fe stands for the environment’s

Figure 4. Feedback from slave to master–user end
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reaction force, Kf and Kp are the gain factors of Fe
and position error (PE), respectively. PE is calculated
by subtracting the position command from the real-time
solution of the slave’s inverse kinematics. This means that
the PE signal points towards the slave’s actual position,
pulling the user back when the slave lags behind, thus
demonstrating to the user that he/she should slow down.
In free motion PE was used, since any force reading
would be merely noise, but during contact only Fe was
reflected, since PE ‘distorts’ the surface being probed.
Some results supporting this choice are presented later in
the Discussion.
The bone-mounted slave is naturally more stable and
did not require special attention. Practical difficulties
prevented theoretical analysis of our system – lack of
a dynamic model of the master and MBARS velocity
saturation, which is anisotropic. Instead users’ comments
were relied upon for determining appropriate gains, and
when comparing different control architectures some
empirical indices were considered as well (see instability
index in Results and Figure 13 in the Discussion; not
shown here are tracking accuracy and completion time).
The master’s workspace is significantly larger than the
slave’s and it can move much faster, so the position
command was scaled down by a factor of five. The scaling
impairs transparency but, since the user has a direct
view of the target, it seems to be very convenient. In
fact, the scaling down serves as a magnifying glass and
actually improves the accuracy achieved. Because of the
motion reduction, tracking accuracy was estimated as the
discrepancy between the downscaled position command
and the slave’s actual position. The slave’s communication
protocol introduces the lowest limit on data flow, 40 Hz,
which suggests a 20 Hz Nyquist frequency limit on data
analysis. Since human motion is usually bound by 12 Hz
(29), the 40 Hz limit does not interfere with motion.
The master and FT sensor communicate at above 100 Hz,
which compares to the higher levels of human sensatory
frequencies [except for texture; see more on texture
display in (34,35)]. Instability phenomena observed in
this research included slow (∼1 Hz) bouncing of the slave
under constant contact or sudden hand jerks (10–50 mm
long) which sometimes occurred upon MBARS impacting
a surface. Notice that because of the slave’s mechanical
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response time, high frequency disturbances on the master
side (jerks) manifested as motions of a much lower
frequency on the slave’s side. To withstand deburring
forces, the bone-mounted slave is highly geared and
position controlled; this design results in high interaction
forces when probing a surface (magnitude up to 10
N). While MBARS can control its position accurately
while withstanding such impacts, a human user would
find it difficult. In order to ‘scale down’ the interaction
forces, a unidirectional compliant tip was designed for
the slave’s probe, shown in Figure 5. Unlike the artificial
motion scaling, the tip’s compliance physically reduces the
interaction forces. The compliance must be compensated
for when registering points on the constraining surface,
by considering the force component parallel to the probe
and the spring’s coefficient. The force sensor is mounted
along the probe, right above the compliant tip, so the
total probe length includes its base, the sensor, and the
compliant tip.
Smooth mode switching was implemented via smooth
scheduling gains (SG; CFe , CPE ), as shown in Figure 6.
The reaction force amplitude was used as a scheduling
variable, able to detect contact and distinguish between
free and constrained motion.
A general formula for the SG was used, as expressed in
equation (1), where no relation between the two SGs is
presumed:


CFe = 0.5 1 + tanh (SFe (Fe − ThFe ))


CPE = 0.5 1 + tanh (SPE (ThPE − Fe))

(1)

Figure 6. Feedback from slave to master–user end, with gain
scheduling

(a)

(b)
Figure 5. (a) Whole probe; (b) section view of unidirectional compliant tip
Copyright  2010 John Wiley & Sons, Ltd.
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maintaining contact. This was done at five different Kp
(position-error gain) values, while Kf (force gain) was set
to zero, reflecting to the user-only position errors. A short
break was given between each trial. The procedure was
repeated, this time at five values of Kf while Kp was set
to zero, reflecting to the user-only reaction forces.

Second experiment type: personal
tuning

Figure 7. Scheduling gains for

ThFe = 0.16[N], SFe = 50[1/N]
ThPE = 0.15[N], SPE = 50[1/N]

where Fe represents the reaction forces (treated reading
from the FT sensor), ThFe and ThPE are scheduling
thresholds and are a symmetry point of each scheduling
variable, SFe and SPE are the slopes at the scheduling
threshold and give an indication of how fast the switching
is, i.e. almost full switching, takes place within a 1/SFe
N range. The switching parameters were determined to
assure ‘pure’ force feedback already at a low level of 0.2
N and to avoid the 0.11 N noise threshold, as shown in
Figure 7.
User tests aimed at fine-tuning the system employed
a 3D model, shown in Figure 8. In order to display a
path to the user without affecting the model’s surface,
a transparent material was chosen for the surface and a
subterranean cavity was filled with a colourful substance.
Volunteers included nine males and two females, 10 righthanded and one left-handed (male), aged 21–39, all with
very little or no haptic experience. The slave was limited
to three DoF, i.e. worked at a set orientation.

Experiments
First experiment type: full contact
To give the volunteers the feel of the haptic system,
they were asked to follow the path three times, as fast
as possible, without exceeding its boundaries and while

Next, the volunteers were asked to determine their
preferred gain values. They were allowed to move the
slave in the air while Kp was increased and decreased
several times (0.00–0.30 N/mm range, 0.05 N/mm
increments), until the volunteer was satisfied. Kf was
determined similarly (0.0–1.0 range, 0.1 increments)
when the slave was moved while maintaining contact
with the test surface. Under gain scheduling, either force
feedback or position feedback is reflected to the user
while the other modality is blocked, except for transitional
phases which are dominated by the four gain scheduling
parameters (ThFe , ThPE , SFe , SPE ). Therefore each gain was
determined independently, i.e. while the complementary
gain was set to zero.

Third experiment type: tapping
Finally the volunteers were asked to follow the rectangular
path three times as fast as possible without touching
the surface except for a quick tap at each corner. The
tapping task examined what happens in transition from
free to constrained motion and vice versa. The evaluation
criterion was an empirical instability index – see Appendix
for a detailed description. Each volunteer performed
three repetitions of this task under slightly different
conditions – without gain scheduling (i.e. with constant
gains; see Figure 4), with gain scheduling (see Figure 6)
and with gain scheduling and non-linear damping. The
damping was non-linear in the sense that it was applied
to the feedback force only when a direction change
was noticed, i.e. the feedback at a given point in time
pointed in the opposite side of the plane defined by the
feedback in the previous moment and lasted only 0.5 s.
This condition was met when detaching from a surface,
showing a ‘quicksand’ or ‘sticky’ effect. It was suspected

Figure 8. Top view (colour) and mid-section (greyscale) of test surface
Copyright  2010 John Wiley & Sons, Ltd.
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that these sudden direction changes seemed to surprise
the user (as opposed to changes in amplitude), preventing
stabilization via instinctive arm-impedance adaptation.

Fourth experiment type: surface
acquisition
Besides user tests, initial testing of surface acquisition was
performed on a femur model. The scanned points were
compared to a laser scan of the joint surface. The best
fit between the points from the haptic scan and the laser
scan was computed, using the improved iterative closest
point (ICP) algorithm presented in (36). The ICP version
in (36) takes into consideration not only the distances
between the cloud of points and the surface but also the
orientations of the surface-normals of a matched pair of
points. The cost function is given in equation (2):
F(R, t) =

N
1
αi Mi − (RDi + t)2
N
i=1

+

N
2
1 
βi nMi − RnDi 
N

(2)

i=1

where F is the cost function, R is a 3 × 3 rotation matrix,
t a 3 × 1 translation vector, Di is a data point and Mi is its
closest neighbour on the model, nDi and nMi are surfacenormal to these points, respectively, and α and β are
weighting factors. Estimating nDi – the surface-normals
at the collected data points – is done by normalizing
the interaction force. To eliminate friction effects, the
projection of the normal on the slave’s instantaneous
velocity was subtracted and then it was renormalized, thus
correcting the surface-normals according to equation 3:
ñDi =

nDi − (nDi · vi )vi
nDi − (nDi · vi )vi 

(3)

where ∼ marks the corrected normal, nDi is the original
normal obtained from the reaction force and vi is the local
velocity.
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Results
As expected from the first experiment, users found it
difficult to maintain contact when following a path along
a surface with only PE feedback, in comparison to only
force feedback. The contact time percentage of eight
different users is compared in Figure 9 under force or PE
feedback at different gains. The results of each volunteer,
at each gain value, are shown with a different marker,
and the dotted line shows the median of all users (at that
gain). Most users maintained 100% contact under force
control, so their markers hide each other.
The gains picked by different volunteers in the second
experiment are shown in Figure 10 as an x–y scatter.
Two gain pairs were chosen by more than one volunteer;
this information is shown immediately above these two
points ((0.05, 0.7), (0.1, 0.8)) in Figure 10; the mean
gain values are depicted by a red asterisk to help
assess their increased weight. The mean gain values are
Kf = 0.70 ± 0.15, Kp = 0.11 ± 0.05. Notice that under all
gain-pairs chosen, interaction forces are reduced (Kf < 1)
and that the virtual spring represented by Kp is quite
weak; ∼0.1 N/mm after scaling down, equivalent to 0.02
N/mm on the master side.
In the tapping experiment (third experiment type),
volunteers were asked to approach the surface going down
along the z axis. The instability indices were examined
for each direction: ISx\y\z , x goes from left to right, y from
forward to backward and z is up-down (see Appendix for
more on IS). The scheduling regime had a mixed effect on
ISz but ISx and ISy were hardly affected by changes, yet
remained quite typical for each user. The personal patterns
might suggest that control parameters should be tailored
per user. For example, should anisotropic position-error
gain be used to stabilize each user’s weaker direction?
In the Discussion, we suggest a generic solution instead.
A scatter plot of ISx − ISy is shown in Figure 11. Each
marker type in Figure 11 depicts the three trials of the
same volunteer.
Perhaps the most interesting result is the fit between
points physically scanned by the slave and joint surface,

Figure 9. Percentage of contact time under force feedback (left) and PE feedback (right)
Copyright  2010 John Wiley & Sons, Ltd.
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Figure 12. Fit of physical scan to bone surface

Figure 10. Gain-coefficient pairs

surface is displayed as a grid. The red lines show the
point-to-surface distances used in the ICP cost function.

Discussion

Figure 11. Instability in x–y directions of each volunteer’s
tapping experiments

reconstructed from the laser scan. The fourth experiment
was only conducted once, to demonstrate concept
feasibility. Implementing the ICP algorithm on ∼450
sampled points resulted in an average distance to surface
of 0.3 mm with 1 mm STD and a maximum error of
4 mm. Notice that the tip’s 2 mm diameter (Figure 5)
implies ∼1 mm resolution across the scanned surface.
The points shown in Figure 8 were collected manually,
a process that took only 1–2 min. The fit between the
scanned points and the probed surface is depicted in
Figure 12. The physical scan appears as green dots and
normal-vectors [nDi and not 
nDi – see (3)], while the joint
Copyright  2010 John Wiley & Sons, Ltd.

The new CNC-like technology represented by MBARS
should aid using the next generation of anatomically
shaped implants. Perhaps the most exciting prospect of
this research is the future potential to reconstruct, or
digitize, a patient’s knee joint surface intra-operatively in
the OR. Collecting enough points at an adequate accuracy
should provide a reliable surface reconstruction. Such an
image-free technique can eliminate the need for registration of the patient’s anatomy and exposure to radiation
during preoperative planning, and avoid the typical tracking errors. Some procedures might benefit from improved
accuracy but still require preoperative planning; e.g. considering the effect of total knee replacement (TKR) on the
biomechanical axis (hip–knee–ankle). The results presented in Figure 8 are already promising, and it is believed
that the errors were caused mainly by repeatability limits of MBARS’ prototype version; ∼0.1 mm along the tip
(after compliance compensation), ∼1.5 mm tangent to
the tip, and under a lateral force exceeding 0.4 N, the
probe bends at ∼1.5 mm/N (currently uncompensated
for). The accuracy of a reconstructed surface depends
also on the local relation between surface curvature and
scan density. We intended to explore in the future semiautonomous scanning, ways to optimize the scanning time
and suitable surface reconstruction techniques.
Reduced sensitivity to surfaces under PE feedback was
identified (Figure 9), as expected. The measured reaction
forces also indicated that users pressed against the
surface much harder under PE feedback than under force
feedback. The decision to introduce gain scheduling, i.e. to
switch off the PE feedback during contact, is supported by
the fact that PE introduces an artificial friction sensation
sometimes out-shading the reaction forces, as portrayed in
Figure 13; the blue line is the master’s position command,
Int J Med Robotics Comput Assist Surg 2010; 6: 444–453.
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Figure 13. Portrayal of increased virtual friction without gain
scheduling

the pink line is the slave’s actual trajectory and the straight
lines in between represent feedback to the user when no
gain scheduling is present, i.e. a linear combination of PE
and force feedback is reflected to the user at all times.
The red ellipses draw attention to situations in which this
fake friction effect is vivid.
How do the gains chosen by the volunteers correspond
to common haptic goals? It would be expected that
the volunteers would instinctively perform a tradeoff between transparency and stability. According to
(26), for the type of master–slave chosen (ImpedanceAdmittance), the PP architecture in free motion and PF
architecture under constrained motion should be ‘quite
robust’, so we might presume that users would emphasize
transparency.
The mean value for Kp was 0.10 N/mm, which
translates to 0.02 N/mm because of the motion scaling.
This choice implies that the user feels a resisting force
even under inherently stable free motion, which violates
the common notion that the forces felt by the slave should
be accurately reflected to the user. This might represent
a trade-off with another performance factor suggested
in (15) – that the master and slave trajectories must be
similar or, in their terms, a trade-off between minimal
Jp (accurate position tracking) and minimal Jf (accurate
force reflection).
The average Kf value was 0.7 – less than the ideal force
reflection factor of 1. The forces are not perfectly reflected
and neither is the compliance of the probed surface. When
contacting a hard object at a straight angle, the slave
would ‘feel’ impedance equal to the compliant tip’s spring
coefficient, which is ∼0.8 N/mm. However the impedance
felt by the human user Kh, would be affected by the force
gain Kf, the spring constant Ks and the scaling factor Sf,
as in equation 4:


0.7
N
Kf
Ks ≈
0.8 = 0.11
(4)
Kh =
Sf
5
mm
The impedance at contact is approximately five times
higher than in free motion; such a difference would
be easily noticeable compared to the 7% force justnoticeable-difference (JND) reported in (37).
In fact, instability was noticed mainly in transition
from free motion to full contact. A smaller degree of
instability was noticed when maintaining contact with an
obstacle and when detaching from an object back into free
Copyright  2010 John Wiley & Sons, Ltd.

motion. Users can learn to foresee the feedback jump and
compensate by slowing down or stiffening their arms, but
we hope to find a robust method to improve this aspect.
Closer examination of the instability indices indicates
that users were surprised by lateral forces; coming down
towards the surface along the z axis, the jerks were mainly
in the x–y plane. These lateral forces develop because
the slave approaches the surface at an angle, which is a
realistic scenario. We suggest that anisotropic PE feedback
might be able to compensate if it were used to create a
virtual fixture around the instantaneous velocity, given
adequate band width.

Conclusions
The basis for a practical intraoperative method for joint
surface reconstruction was presented. A hybrid gainswitching approach was used to reflect haptic feedback
to the users and its advantages were demonstrated. Users
picked gain factors which ensure non-zero feedback in free
motion and a large JND between the perceived impedance
under free motion and constrained motion. Lateral forces
during transition to full contact still present a challenge.
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Appendix
Determining the stability of a trajectory from its Fourier
transform is similar to the approach presented in
(38), where periodograms were considered. The Fourier
transform of a signal can be viewed as a time average
of the periodograms. According to the Wiener–Khinchin
theorem, integrating within a frequency band over the
Fourier transform of a signal’s auto-correlation function
gives the signal’s spectral power within that frequency
band. The Fourier transform of the auto-correlation
function is equivalent to the square of the original signal’s
transform amplitude. Looking for a scalar expression that
is sensitive to how ‘squiggly’ a trajectory is led us, by trial
and error, to the following normalized index:
IS =

f90
fNyquist

(5)
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Figure 14. Example of a squiggly trajectory

where fNyquist is the limit for spectral analysis capability
and is equal to 20 Hz according to the slave’s communication restriction and f90 is a percentile determined
by:

0

f90

−→
 traj · α (f ) df


= 0.90 ·

fNyquist
0

−→
 traj · α (f ) df

(6)

where  is used for the Fourier transform or the discrete
Fourier transform for discrete signals. The instability index
was calculated separately for each Cartesian component
of the trajectory, hence the projection on α for α = x̂, ŷ,
ẑ, where the superscript ∧ signifies a unit vector.
Consider the trajectory shown in Figure 14. Intuitively,
ISx should be greater than ISy and indeed they were
computed to be 0.45 and 0.15, respectively.
The blue rectangle corresponds to the path displayed
on the test surface. All users missed this 2 mm wide path
and moved the slave slightly inwards ∼2 mm, as depicted
by the dashed line.
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